The effective refraction index is defined as n eff =β/k ω . As shown in Fig. 1a , for a given width, w/λ=(2π) -1 k ω w, which is only related to k ω (i.e. dw~ dk ω ).Consequently, dn eff /dk ω →∞ at the degeneracy point in Fig. 1a , indicating that the group velocity is 0, i.e.
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Graphical method to analyze TM m modes supported in the HMM waveguide
As shown in Figure S1 , the first three branches of the tangent and cotangent functions described by Eq. (2) are plotted by black dotted lines. For the function on the right hand side of Eq. (2) (i.e.
/ W U V U  
), W=σ as U→∞ due to its asymptotic behavior (see the red dotted line). Intriguingly, the U-intercept of this asymptotic function is U=V, which is freely tunable with different parameters of V (i.e. k ω , w, ε 2z , ε 2x and ε 1 ) so that the asymptotic function can intersect with different branches of the tangent and cotangent function and result in solutions of TM 0 , TM 1 , TM 2 modes, respectively. For instance, when V=0.5 as shown by the red solid curve in Figure S1 (with ε 2x =-25, ε 2z =5, ε 1 =1, thus, w/λ=0.07), two intersection points are obtained for the TM 0 mode at U=0.495 and 1.48, respectively. According to the analysis shown in Figure 1a , β for these two solutions can be determined (i.e. β/k ω =1.03 for U=0.495 and β/k ω =14.15 for U=1.48), corresponding to |f> and |b> modes for the TM 0 mode, respectively. Meanwhile, one can see that only one solution is obtained for TM 1 and TM 2 modes at U=3.06 (i.e. β/k ω =30.6) and U=4.62 (i.e. β/k ω =46.7), respectively, corresponding to |b> modes with P norm <0 as shown in Figures 1a and 1b . Importantly, when V=V 0 , V 1 and V 2 (V 0 =1.24, V 1 =2.72 and V 2 =4.23), the asymptotic function will be tangent to one branch of the tangent function, as shown in Figure S1 . At these tangent points, |f> and |b> modes are degenerate, corresponding to degeneracy points of light trapping for different order TM modes shown in Figures 1a and 1b . 
Field analysis of TM 0 mode in the HMM waveguide
In the proposed HMM waveguide, the field of the TM 0 mode can be expressed as: propagation constant, β, can be determined by Eq.(1). According to the orthogonality condition [S2] , the amplitudes of the local modes (i.e. |f+>, |f->, |b+>, |b->) in the tapered waveguide are shown in Figure 2f , which are determined by calculating the pseudoinner product between the total field and the TM 0 mode field. The total field is extracted from the FEM simulation in Figure 2d , which should be mainly contributed by the |f+> and |b+> modes. The mode field can be expressed analytically using Eq.(S1). To validation the mode expansion, we plot the |E|-field distribution of a f+ |f+>+ a b+ |b+> in Figure S2 , agreeing very well with the one shown in Figure 2d . One can see that the period of the interference pattern increases from the narrow end to the degeneracy point due to the decreasing difference in effective refractive indices between the |f> and |b> modes as the degeneracy point is approached, as shown in Figure 2a , and therefore confirming that the oscillation field distribution along z-axis is introduced by the interference between |f+> and |b+> modes. It should be noted that there is a slight difference between these two field distribution modeling results since higher order and radiation modes of Eq. (3) were not considered in the modeling shown in Figure S2 . Figure S2 |E| 
Comparison of dispersion curves for a single unit HMM waveguide taper and a periodic HMM waveguide taper array
The objective of this section is to demonstrate that the dispersion curve for a periodic HMM waveguide taper array is similar to the one for a single waveguide taper unit. In order to determine the position of the degeneracy point, we neglect the imaginary part of the permittivity of the HMM layer in Figure 3a . For a single waveguide unit, the lossless width-dependence of propagation constants of the TM 0 modes at λ=600nm, 900nm and 1200nm are plotted using Eq.(1) as shown in Figure S3a .
In the HMM waveguide array, the waveguide modes in adjacent units will interact with each other due to the overlap of their evanescent fields. Therefore, the electromagnetic field in this periodic structure can be described by the Bloch mode which is a pseudoperiodic function, i.e. F(x+P)=F(x)exp(-ik x0 P) [S3] . k x0 represents the momentum along the x-direction of the Bloch mode. Under a normal incidence, the Bloch mode with k x0 =0 can be excited, whose propagation constant β can be calculated by Eq.S2. 
. P is the period of the structure and w is the width of the HMM layer. In this modeling, the period of the structure is P=300 nm, and the diagonal elements of the effective frequency dependent permittivity of the homogeneous HMM are shown in Figure 3 (a). Similar with the single unit case, the imaginary part of the permittivity is also neglected. For λ=600nm, 900nm and 1200nm, the width-dependence of propagation constants of the TM 0 Bloch modes in this waveguide array are plotted in Figure S3b , which are very similar to those shown in Figure S3a . Consequently, the HMM waveguide taper array should be able to realize a more efficient rainbow trapping effect.
As discussed in the main text, the trapped position can be approximately predicted by the lossless degeneracy point. One can see that the corresponding widths of degeneracy points for λ=600nm and 900nm are pretty similar in two cases. However, the widths of degeneracy points for the TM 0 mode at λ=1200nm are slightly different (i.e. w d =241 nm for the single HMM waveguide taper unit and w d =226 nm for the HMM waveguide taper array). To further reveal the difference between these two cases, the wavelength-dependent waveguide width corresponding to the degeneracy point, w d , is shown in Figure  S3c . One can see that the difference between the two curves increases for longer wavelengths due to increasing interactions between evanescent waves from adjacent HMM waveguide taper units. Based on this plot, we can estimate the absorption band achievable by the proposed HMM waveguide taper arrays. For instance, the width of the HMM layer changes from 50nm to 250nm in Figure 3c . Therefore, the absorption band should range approximately from 350nm to 1.3μm as predicted by the effective medium theory (see the grey region). However, the numerical modeled absorption band is slightly narrower due to the discontinuous multi-layered waveguide taper structure at the top and bottom ends. For the wavelength near the edges of absorption band, the light is trapped near the top and bottom ends, resulting in the leakage of the trapping light. Figure S3 Propagation constants of TM 0 at λ=600 nm, 900 nm and 1200 nm as a function of (a) a single unit HMM waveguide width and (b) the waveguide width of a unit in a HMM array. (c) The width of the HMM waveguide at the degeneracy point for Bloch mode (the solid curve) and TM 0 mode (the dotted curve), respectively.
THz Light trapping and broadband absorption in an HMM waveguide taper array
To design a super absorber in THz domain, we employ a multilayered Al-Si stack. The permittivity of Al and Si are from ref. [S4] . The thicknesses of the Al and Si layers are both 0.5μm. The total thickness of the stack is H=28μm. In this design, the period of the waveguide taper array is P=15μm, and the widths of the top and bottom ends are a=7μm and b=14μm, respectively. As shown by the FEM modeling results in Figure S3 , over 96% light is absorbed in the spectral region from 55μm to 100μm. The |E|-field distribution at different wavelengths of 60μm 80μm and 100μm are plotted in the inset of Figure S3 , revealing that different THz wavelengths can also be trapped at different positions along the vertical direction of the proposed HMM waveguide taper array. Figure S4 Modeling of the THz absorption spectra of an HMM waveguide taper array constructed by 28 pairs of 0.5μm-Al/0.5μm-Si layers simulated by FEM. The period of the waveguide taper unit is P=15μm, and the widths of the top and bottom ends are a=7μm and b=14μm, respectively. Inset: the |E|-field distribution for three different THz wavelengths at 60μm, 80μm and 100μm, respectively.
